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Abstract 

Let £ s ,r be a compact oriented surface of genus g with r boundary components. We determine 
the abelianization of the symmetric mapping class group M{ g , r ){P2) of a double unbranched cover p2 : 
£29-1, 2r ~~ * ^s,r using the Riemann constant, Schottky theta constant, and the theta multiplier. We also 
give lower bounds of the abelianizations of some finite index subgroups of the mapping class group. 
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Introduction 



Let g be a positive integer, r > 0, and S a set of n points in the interior of E Sjr . We denote by Diff + (£ g!l ,, <9E g . r , S) 
the group of all orientation preserving diffeomorphisms which fix the boundary <9£ g . r pointwise, and map 
S onto itself allowing to permute it. The mapping class group is the group of all isotopy classes 

7r Diff + (£^ r , S) of such diffeomorphisms. We write simply M g , r :— M gr and M™ := M™ Q . The 

mapping class group and its finite index subgroups play an important role in low-dimensional topology, in the 
theory of Tcichmullcr spaces and in algebraic geometry. For example, the level d mapping class group M g _ r [d] 
is defined to be the finite index subgroup of M. g>r which acts trivially on fl"i(E fl r ; Z/dZ) for d > 0. It arises 
as the orbifold fundamental group of the moduli space of genus g curves with level d structure. 

To compute the abelianizations, or equivalently, the first integral homology groups of finite index subgroups 
is one of the important problems in the mapping class groups. The Torelli group X g>r is the subgroup which 
acts trivially on ffi(S a>r ;Z). McCarthy[TB] proved that the first rational homology group of a finite index 
subgroup that includes the Torelli group vanishes for r = n = 0, and more generally, Hain[B] proved it for any 
r > 0, n > 0. 

Theorem 0.1 (McCarthy, Hain). Let M. be a finite index subgroup of A4 g r that includes the Torelli group 
where g > 3, r > 0. Then 

H 1 (M;Q) = 0. 

This theorem gives us little information about Hi(A4; Z) as a finite group. In fact, Farb raised the problem 
to compute the abelianizations of the subgroup A^ 9 , r [d] m El Problem 5.23 p. 43. In this paper, we confine 
ourselves to the case r = or 1 when it is not specified. For a finite regular cover p on S g ,r, possibly branched, 
Birman-Hilden 2J defined the symmetric mapping class group M.( g r ){p). That is closely related to a finite 
index subgroup of the mapping class group. As stated in subsection ll.il the symmetric mapping class group 
is a finite group extension of a certain finite index subgroup of the mapping class group. In particular, we 
will have H\(M.i g>r \{p);(X) = for all abel covers p. But in general, the first integral homology groups of 
symmetric mapping class groups and finite index subgroups of M.^ r are unknown. 

One of the finite index subgroups, the spin mapping class group is defined by the subgroup of the mapping 
class group that preserves a spin structures on the surface. Lee-Miller-Weintraub[T5] made the surjective 
homomophism from the spin mapping class group to Z/4Z using the theta multiplier. Harer[5] proved that 
this homomorphism is in fact an isomorphism. 

In this paper, we determine the symmetric mapping class group M.( g , r ){P2) of an unbranched double cover 
P2 '■ S2fl-i,2r ~* ^g,r using the Riemann theta constant, Schottky theta constant, and the theta multiplier. 
We also compute a certain finite index subgroup M g , r (p2) of the mapping class group. That is included in 
the level 2 mapping class group A^ a , r [2]. 

If we fix the symplectic basis of Hi(T, g>r ; Z), the action of mapping class group M g r on Hi(H g y, Z) induces 
the surjective homomorphism 

L-.M g , r ^ Sp(2g;Z), 
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where Sp{2g;Z) is the symplectic group of rank 2g. Denote the image of M g ^{p2) under i by T g (p 2 )- We 
also denote the image b(M. g ^[d]) by r ff [d], that is equal to the kernel Ker(Sp(2g; Z) — ► Sp(2g: Z/dZ)) of mod 
d reduction. The main theorem is as follows. 

Theorem 0.2. For r = 0, 1, when genus g > 4, 

H^M^fo); Z) = Hi(Mg t i(p 2 ); Z) = Z/4Z, 

f Z/4Z, if g : odd, 

I Z/2Z, if g : even, 

H 1 (T g (p 2 );Z) = Z/2Z. 

After proving the theorem, we state that the first homology groups of the level d mapping class group 
H±(A4g t x[d]; Z) have many elements of order 4 for any even integer d (Proposition 13 . 8[) . 

In section [U we define the symmetric mapping class group, and describe the relation to a finite index 
subgroup of the mapping class group. In section [2l we prove that the integral homology groups of M-{g,r}(p2) 
and A4 gtr (p2) are cyclic groups of order at most 4. We also have Hi(Y g {p2);Z) = Z/2Z. In section [3J 
we construct an isomorphism H\{M.t g ^(p2); Z) = Z/4Z using the Schottky theta constant and the theta 
multiplier to complete the proof of theorem 10.21 
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1 The symmetric mapping class group 



In this section, we define the symmetric mapping class group following Birman-Hilden[2], and prove some 
properties. In particular, we describe M g ^ r (p) = ImP by means of the action of the mapping class group on 
the equivalent classes of the covers in Subsection 1 1.21 We will see that the groups M.i gtT \(p2) and M. g , r {p2) do 
not depend on the choice of the double cover pi up to isomorphism. 

1.1 Definition of the symmetric mapping class group 

Birman-Hildcn[5] defined the symmetric mapping class group of a regular cover p : £ 9 ', r ' — * S g r , possibly 
branched as follows. Denote the deck transformation group of the cover by Deck(p). 

Definition 1.1. Let C(p) be the centralizer of the deck transformation Deck(p) in the diffeomorphism group 
Diff + (S ff '. r '). The symmetric mapping class group of the cover p is defined by 

M(aAP) = MC(p) n Diff + (E flV /,0E ff ',r')). 

Let S C S ffir be the branch set of the cover p. For / S C(p) n DifL|-(£ ff ', r ', dT, g i <r i), there exists a unique 
diffeomorphism / G Diff_|_(S S)r , dYi g>r , S) such that the diagram 





f 




Zu g ty 






i 








f 











commutes. Note that / maps the branch set S into itself. The diffeomorphism / G Diff + (E ff r , dT, g r , S) is 
called the projection of / G C(p) nDiff + (S s ' )r ', dT, g i^ r i). For [/], [g] G M^ g , r ){p) such that [/] = [g], an isotopy 
between / and g induces the isotopy on the base space E 9ir between the projections / and g. Hence we can 
define the homomorphism 

P: M {g , r) {p) Ml r , 
If] - [/] 

where n > is the order of S. We denote the image ImP C M^ r by M g , r {p)- The kernel of P is included 
in the group of isotopy classes of all the deck transformations in M.^ g r ^{j>2). Since any deck transformations 
without identity do not fix the boundary pointwise, we have KerP = id when r = 1. When r = 0, KerP 
consists of the isotopy classes of all the deck transformations. In particular, Ker P is a finite group. Apply the 
Lyndon-Hochschild-Serre spectral sequence to the group extension 

1 -» KerP -» M M {p) -» M g , r (p) -» 0, 

then we have 

H*(M (g>r) (p);Q) ^H*(M g , r (p);Q). 
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1.2 The action of the mapping class group on the equivalent classes of G-covers 

For a finite group G and a finite set S, denote all the surjective homomorphisms 7r 1 (S S!r — 5,*) — > G by 
Surj(7r 1 (S g r — S,*),G). The group G acts on this set by inner automorphism. Denote the quotient set by 

m(G, *) := Surj(7n(E 9ir - S, *), G)/InnG. 

For paths Z, I' : [0, 1] — > E g , r — S" such that 1(0) = Z'(l), we define I ■ V to be the path obtained by traversing 
first Z' and then Z. For a path Z : [0, 1] — > E g!r — 5, we define a isomorphism Z* by 

Z* : 7Ti(Eg if . - S,Z(0)) — » 7ri(E fl)T . - 5,Z(1)). 

7 i ► Z • 7 • Z _1 

If we pick a path Z from * to *', we have the isomorphism Z» : 7r 1 (E g r — S, *) = 7Ti(E S;T . — S, *'). Hence we also 
have the isomorphism 

m(G,*) = m(G,*'). 

It is easy to see that this isomorphism does not depend on the choice of Z, hence we denote m(G) := m(G, *). 

The mapping class group M g ^ r acts on the set m{G). In fact the diffeomorphism / € Diff + (E Sjr , 9E gr , S) 
induces the map 

m(G) -» m(G) 
[c] i ► [c/*]. 

Proposition 1.2. Lef c : 7Ti(E SjT . — 5,*) — > G denote the monodromy homomorphism of a branched or 
unbranched G - cover p : E s / >r / — * wZiere S 1 zs ifte branch set. The stabilizer of [c] e m(G) is egwaZ to 

Mg,r{p)- 

Proof. Suppose [/] e -M™ r be in the stablizer of [c]. Since [c/*] = [c], there exists a path Z from * to /(*) such 
that 

c(C 1 /(7)) = c(7), for 7 G 7ri(E s , r - 5,*). 

In particular, we have 

Ker(c) = Z- 1 /*(Kerc). 

Hence the covers p and fp are equivalent. Choose a lift Z of Z, then there exists / G Diff (E ff / ;T ./) such that 

pf = fp : S fl /, r / -> E s , r , and /(Z(0)) = Z(l). 

Then we have 

/c( 7 )/'- 1 - c(Z; 1 /( 7 )) - c( 7 ) e Diff+ E ff ,, r ,. 

Hence / is in the centralizcr C(p) of the deck transformation group Deck(p). When r = 1, Dcck(p) acts on 
7r ((9Eg/ ;r /) transitively. It is easy to see that for any / e C(p), there exist t e Deck(p) such that /i acts 
trivially on 7r (<9Eg/. r /). Therefore, there exists t € Deck(p) such that ft £ C(p) n Diff + (E ff / ;T ./, <9E ff / ;T ./) and 

/ = ■?([/*])■ 
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Conversely, suppose / = P(f) £ M. g , r (p). Choose a path I such that f(l(0)) = 1(1). Denote the projection 
I = pi, then we have 

cQ-'fh)) = Hi)!- 1 = c( 7 ) e Diff+ Z g ,, r , 

Hence we have [c] = [c/*]. □ 

Hence, ftA gyr (p) is a finite index subgroup of the mapping class group. In particular, if p is an abel cover, 
M.g,rip) includes the Torelli group. By Theorem lO.il we have H\{M. gtr (jj) \ Q) = 0. Consider the double covers 
on The number of the equivalent classes of double unbranched covers on E ff]f . are 2 2g — 1. Since the action 
of mapping class group M g _ r on m(Z/2Z) is transitive, the subgroup M, g>r (j>2) does not depend on the choice 
of the double cover pi up to conjugate. It is easy to see that AA^ g r ^{jp2) is also unique up to isomorphism. 
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2 A lower bound of the order of the cyclic group Hi(Aif g ^(p2)] Z) 



In this section we prove that the integral homology groups of M.{ g ^){P2) and M g , r {P2) are cyclic groups of 
order at most 4. We compute Hi(r s (p 2 ); Z) in Subsection 12.11 and H\{I g y,'L)j^ r ( P2 ) in Subsection 12.21 to 
obtain the lower bound. 

In subsection 11.21 we proved that the symmetric mapping class group M( g , r ){jP2) and M g , r {p2) do not 
depend on the choice of the unbranched double cover p2 up to isomorphism. Hence we fix the unbranched 
double cover p2 whose monodromy c G Hom(7Ti(£ g!r ); Z/2Z) = if 1 (E 3ir ; Z/2Z) is equal to the Poincare dual 
of B g in Figured] 

2.1 The first homology group i?i(r g (j> 2 ); Z) 

In this subsection, using the generators of T 9 [2] in Igusa[5], we prove that i/i(r s (p2); Z) is a cyclic group of 
order 2. We also prove that H±(Mr gtr )(p2)', Z) and Hi{M g ^ r {p2)] Z) are cyclic of order at most 4 when genus 
g > 4, using the M g , r module structure of the abelianization of the Torelli group determined by Johnson |12j. 
In particular, we obtain Hi(M g (p2)', Z) — Z/2Z if genus g > 4 is even. In the next section, we complete the 
proof of Theorem 10.21 

We consider E S) i = S 9 — D 2 C E g . Pick simple closed curves {Aj, -Bj}? =1 C S Sir as shown in Figure [U 
They give a symplectic basis of H := i/i(£ g r ;Z) which we denote by the same symbol {Ai, Bi} 9 i=1 . The 
action of the mapping class group on H\{Yj g y, Z) induces 

t:M 9 , r ^Sp(2 5) Z). 

We denote the Dehn twist along the simple closed curve A g by a e Let 5 be a subsurface in E ffjf . 




Figure 1: 

as shown in Figure [5] and denote their mapping class groups which fix the boundary pointwise by Ms- The 
inclusion S — > E g induces a homomorphism 

«S : M s -> -M s . 
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Figure 2: 



As in Introduction, we denote by i : M. g — > Sp(2g; Z) the homomorphism denned by the action of M g on the 
homology group H, and denote the ring of integral n-square matrices by M(n; Z) for a positive integer n. It 
is easy to see that the image of is (-Ms) under i is 



i{is(M s )) 



fa' S (3' 0\ 

10 

y' l v 2 6' 

\v 3 k v 4 1/ 



€Sp(2 5 ;Z) 



a', 6' eM(g- 1;Z), 
vi,v 2 ,v 3 ,V4 e Z 9_1 , k £ Z 



Proposition 2.1. When g > 1, r g (p 2 ) is generated by L(is{Ms)) and i(a 2 ). 

Proof. First, we show that T g (p 2 ) is generated by L(is(Ms)) and r s [2]. Since an element a £ F g (p 2 ) preserves 
the homology class B g £ i?i(S g r ; Z/2Z), it can be written in the form 



(a 1 *«i P' 0\ 

10 

1 l v 2 5' 
\v 3 k V4 ij 



mod 2. 



Hence there exists ctq £ i.{is(Ms)) such that 



ctq = (T mod 2, 



so that r s (p 2 ) is generated by i(is(Ms)) and T g [2]. 

Next, we describe the generators of T 9 [2] given in Igusa[Hj- We denote by /„ the unit matrix of order n, 
and by the 2g-square matrix with 1 at the (i, j)-th entry and elsewhere. As was shown in Igusa[9j, T 9 [2] 
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is generated by 

ay =h g + 2eij - 2e g+hg+i 1 <i,j < g, i ^ j, 

an =h g - 2eu - 2e i+Sji+s 1 <i < g, 

flij =h g + 2e ij+g + 2ej t i+ g 1 < i < j < g, 

Pa =h g + 2e-i,i+ g 1 < i < 9, 

la =t 0ij i < i < j < g- 

To prove the proposition, it suffices to show that these matrices are in the subgroup of T g (j>2) generated by 
l(is(Ms)) an d i(a 2 ). The matrices 

a«(l < * < 9 ~ 1, 1 < 3 < .9), i8»i(l < i < 3 < 9 ~ 1), and 7ii (l <i<j<g) 

are clearly in t(«s(A"f s)). Choose oriented simple closed curves C*, Cy, CL,C"j C S g:r such that [Cj] = Aj, 
[C-] = Si, [Cij] = Ai + Aj, [CL] = Bi + Bj, [C'A] = Ai + B r Denote the Dehn twist along a simple closed 
curve C by Tc- Then the matrices 

ctgj(l < i < 9 ~ 1) an d A 3 (l < « < .9 - 1) 

n2 rp-2rp-2\ „1 ,/m2 rp-2 T .-2\ 



are written as l(T^,T^ Tc ) and l{Tq. T^T^ ) respectively. Clearly i(T 2 ,) and l(Tq.) are in t,(i s {M s )) 



and we have i(Tq ) = t(a 2 ). Denote the two boundary components of S by Si and S 2 - For any two arcs 



l\,h ■ [0, 1] — * S that satisfy h(0) = l 2 (0) £ Si and Zi (1) = £ S 2 , there exists <p £ Ms such that 

iph = h- 

Choose C' g \ and d g such that %{C' g \ fl Si) = tt(C{ fl fl Si) = 1 and they intersect with Si transversely, there 
exist £ is{Ms) that satisfy [ip(C gi )} = [ip'(C ig )} = A g . Thus we have 



a 2 . 



This proves the matrices a g j and 0i g are in the subgroup of T g (p 2 ) generated by i(is(A4s)) and t(a 2 ). Finally 
the matrices a gg and f3 gg satisfy a gg = l(Tq„ )P gg r f g ~ g 1 , and f3 gg = t(a 2 ). Hence a 9S and /3 gg are also in the 
subgroup, as was to be shown. □ 

Using Proposition ^. 11 we now calculate the first homology group Hi(T g (p 2 ); Z). 

Proposition 2.2. When g > 4, 

ffi(r s (p2);Z)SZ/2Z. 

Proof. Powell [17] had proved H\ (M g ; Z) = when o > 3. More generally, Harer [7] proved that Hi (M g y, Z) = 
when g > 3 for any r. Hence the first homology H\(Ais] Z) vanishes since genus of S > 3. We have 

is(M s ) = {0}cH 1 (M g (p 2 );Z). 
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Since we proved that the group T g (p 2 ) is generated by t(«s(A / fs)) and t(a 2 ) in Proposition ^. 11 the homology 
group -ffi(r s (p 2 ); Z) is generated by [t(a 2 )]. 

Next, we construct a surjective homomorphism T g (p 2 ) — > Z/2Z. Since any a = (cry) G r s (p2) preserves 
the homology class B g g Hi(Y, g y : Z/2Z), we have 

Ogi = $i g , and cr i29 = 5 i2g mod 2, 

where S is the Kronecker delta. Then for a, a 1 £ T g (p 2 ), the (g, 2g)-th entry of aa' satisfies 

(o-o-')g 2 9 = XI CT 9^ 2 9 = 2 9 + o" g 2fl mod 4. 

1=1 

Hence we have the homomorphism 

tf: T g {p 2 ) Z/2Z 

* " I"- 

Since *([i(a 2 )]) = 1, we have [i(a 2 )] ^ G H 1 (T g {p 2 ); Z). 

Finally, to complete the proof it suffices to show that 2[i(a 2 )] = 0. Apply the Lyndon-Hochschild-Serre 
spectral sequence to the group extension 

1 -> l gtr -> M,, r fe) -> r 9 (p 2 ) -> 0, 

then we have 

H 1 (X g y,Z) MgAp2) - fli^^CpaJjZ) -> ffi^foJjZ) -> 0. 
Denote by D and £>' the simple closed curves as shown in Figure |3] Denote by c\, c 2 , and C3 the Dehn 




Figure 3: 

twists along the simple closed curves Ci, C 2 , and C3 as shown in Figure [4] respectively. Since c\ and c 2 are 
in ?s(A^s), [ci] = [c 2 ] = G Hi(M g , r (p2); Z). By the chain relation, we have TdTd' = (C1C2C3) 4 . Using the 
braid relations C1C3 = C3C1, c\c 2 c\ = c 2 c\c 2 , and C2C3C2 = C3C2C3, we have 

[T D T D >] = [(ciC 2 C 3 ) 4 ] = [C 3 C2C 2 C2C 3 ] = [C3C 2 C 2 C 2 " 1 C 3 _1 ] + [C3C2C3" 1 ] + [c 2 ] G H 1 (Mg i r(P2);'Z)- 
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Figure 4: 

Since c^cfc^ 1 ^ 1 and C2c\c 2 1 are the squares of the Dehn twists along the simple closed curves 0302(61) 
and 03(62), we have 

[c 3 c 2 CiC 2 " 1 C3 ^ = [cgc^ 1 ] = [c§] = [a 2 ]. 

Hence [TdT^, 1 ] = [T^T^] + [T D ?] = 2[a 2 ]. Since T D T D } e l g , r , it follows that 2[i(a 2 )] = [t^T^, 1 )] = G 
i?i(r g (p 2 ); Z). This proves the proposition. □ 



2.2 The coinvariant H 1 (X g y,Z) Mgr ^ 2 ) 

To calculate the first homology group of the symmetric mapping class groups, we compute Hi(l g y, Z) Mg r ( p2 ) . 
Lemma 2.3. When g > 4, 

(z/2Z, if g: odd, 
10, V : even, 

Hi(l g y, Z) Mg l ( p2) = Z/2Z. 
Moreover Hi(l g y Z) Mg r ( p2 ) is generated by T D T^} e 2" g r /or r = 0, 1. 

Before proving the lemma, we review the space of boolean polynomials. Let H denote the first homology 
group -ffi(X g . r ; Z) of the surface as before. Consider the polynomial ring with coefficients in Z/2Z with the 
basis x for x e H <g> Z/2Z. Denote by J the ideal in the polynomial generated by 

x + y — (x + y + x ■ y), x 2 — x, for x, y G H <g> Z/2Z. 

The space of boolean polynomials of degree at most n is defined by 



JOMn 



where M n is the module of all polynomials of degree at most n. Note that B n is isomorphic to the Z/2Z 
module of all square free polynimials of degree at most n generated by {A t , B i } ! ' =1 . 
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Denote B 3 by and for a = £f =1 Ai-Bj e B 2 , the cokernel of 

B 1 -► B 3 

a; i— > ax 

by B 3 . The action of M. g , r on if induces an action on B 3 r . Birman-Craggsflj defined a family of homomor- 
phisms T g — > Z/2Z. Johnson[13j showed that these homomorphisms give a surjective homomorphism of M. g , r 
modules 

... 7- r>3 

For r = 0, 1, Johnson[14j showed that the induced homomorphism H\(I g y, Z) J vi g r p] — -Sg r is an isomorphism. 

proof of Lemma \2.S\ Since fi is an isomorphism of M. g , r module, we have 

H\{T g y ) Z) Mgr ^ P2 - ) = (B gr ) Mg ^ P2 y 

Hence it suffices to compute (B 3 r ) Mg r ( P2 ) to prove the lemma. Denote the subsurface S' C S of genus 5— 1 as 
shown in Figured] %s' is the Torelli group of S', that is the subgroup of Ms' which act trivially on ^(5'; Z). 
Consider the homomorphism 

induced by the inclusion S' — ► £ s , r - Since (Is')m s , — (Johnsonjllj). the image of the homomorphism is 
trivial. Thus we have 

l=X=XY = XYZ = 0, for {X,Y,Z}c {A U A 2 ,- ■■ ,A g _ 1 ,B 1 ,B 2 --- ,B fl _i}. 

For X = A g , B g , we have 

{I 2g + ei, fl+ i)(BiX) = (Si + Ai + 1)X, {I 2g + e g+ltl ){A x X) = (A 1 +B X + 1)X, 
and (I 2g + ei, 2 - e g+2>g+1 )(A 2 X) = (A 2 + A X )X. 

Hence X = A\X = B\X = e {B 3 r )M g r (p 2 )- For 1 < « < 5, we have 

(i2 fl + e g+lA + e g+ i,i)(AiX) = (Ax + &i)X, and (I 2g + e hg+1 + e hg+i )(BiX) = (Bi + A\)X. 

Hence BiX = AiX = € r )jv-f s r (p 2 )- ^ we P u ^ X = A g B g , we have YA g B g = in the same way for 
F € {l,Ai,A 2 ,--- , A~ g -\,B\,B2, ■ ■ ■ >Bg-i}- For X = A 9JJ B g , and any i,j such that 1 < i,j < g, i ^ j, we 
have 

(I 2g + eg+jj^AiAjX) = AiAjX + A^X + AX, (I 2g + e^g+^A^jX) = A\BjX + A.AjX + A4X, 
(I 2g + e g+jd )(BiAjX) = B.AjX + B.BjX + B t X, (I 2g + e s+ ;, g + e 2g , g+l )(A t AgBg) = A t A g B g + A.B.Bg, 
and (I 2g - eia - e g+llB+ i + e it \ + e M + e g+hg+ i + e g+lig+i )(AiB 1 A g ) = A t BiA g . 
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Hence A % B 3 X = A t A X = B t B X = AiB % B g = 0, and A x B x A a = A^Ag g (B^ r ) MgAp2) . 

Therefore {B^ r ) Mg r ( P2 ) is a cyclic group of order 2 with generator AiBiAg or a trivial group. For r = 0, 



Bg o has a relation 



ai 9 = (^^5,)^ = 0, 



so that (g— l)Ai-BiA g = 0e (Bg o)m 9 (p 2 )- This snows that (i?^.)^ r ( P2 ) is trivial when g is even and r = 0. 

Next we consider the case g is odd or r — 1. Let S n be the permutation group of degree n and sign(s) the 
sign of s £ S n . Denote by A n H the image of the homomorphism 

xi<& x 2 ® ■ ■ ■ ® x n h-> sign(s)a; a (i) ® x s ( 2 ) 8 •• • 8 as a (w)- 

Denote by Vi and Vb the module A 3 i? and the cokernel of 

H -> A 3 iJ 

respectively. Then Johnson [12] shows 

_B 3 

-|f -f V r ® Z/2Z 
_° _ 

1YZ i ^ X A 7 A z, 
is a well-defined module isomorphism. Now we have a M g , r (p2) homomorphism 

(B g -)C: (Bl r ) MtM - Z/2Z 

i?z i * (x • y)s g • z + (y • z)s g • x + (z ■ x)B g ■ y 

Here it should be remarked that the intersection number with B g (B g -) : H (gi Z/2Z — * Z/2Z is .M SiI .(p2)- 
invariant. Since (B s -)C(Ai5ij4 9 ) = 1, it is surjective. Hence (B g r ) Mg r ( P2 ) is a cyclic group of order 2 
with generator AiBiA g . Johnson[l3] computed ^{ToT^}) = A\Bi{A g + 1), so that Tr>T^} is a generator of 
Hi(l g<r ;Z) Mgr ( P2 ). □ 

Now, we prove that Hi{M.( g>T y, Z) and ffi(A4 9 , f ;Z) are cyclic groups of order at most 4. We need the 
following Lemma. 

Lemma 2.4. Let b : M.t g> i\(j)2) — > -A4( s )(p2) ^ e a homomorphism induced by an obvious embedding £29-1,2 
£29-1- Then b is surjective. 

Proof. By the obvious embedding £„ 1 — > E g , we have a surjective homomorphism & : M gt i{p2) — * M g {p2)- 
Since the diagram 

M {gA) { P2 ) — ► M(g)(p 2 ) 

p 

Mg,l(p2) b > M g {p 2 ) 
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commutes, bP — Pb is surjective. Hence it surfices to show KerP C -M( s )(p2) is included in Imb. Recall that 
Ker P consists of the isotopy classes of all the deck transformation. Cut the surface along the two simple 




Figure 5: 

closed curves A g , A' in Figure [5] Then we have the subsurface So of genus g — 1 and the other subsurface S' 
of genus 0. We can construct a diffeomorphism f e C(p) n Diff + (£2g-i,2, d^g-i^) which have the following 
properties: 

(i) /o| P - 1 (s ) is the restriction of the deck transformation t ^= id, 

(ii) /olp-^Si) = T' A g T'~^t , where T' a s and T' A' g is the half Dehn twists along A g and A' g . 

Then f is included in C(p) n Diff + (£ 2ff -:L2, d^g-i^), and the image of [/ ] under M^ g ^{p2) — > M^ g )(p2) 
equals the deck transformation t. This proves the lemma. □ 

In the proof of Proposition ^. 21 we have the exact sequence 

H x {l g y, Z) MgAp2) -» H^Mgrfa); Z) -> ^(^(paJjZ) -> 0. 

By Proposition 12.21 and Lemma [2~3l we obtain 

ffi(M fl , r (pa);Z) = Z/2Z or Z/4Z. 

In particular if genus g is even, 

Hx(M g (p2)]Z) = Z/2Z. 

From the isomorphism Ai( s> i)(p2) — -M Si i(p2) and the surjective homomorphism b : .M( 9! i)(p 2 ) — > M( g ){p2), 
we have 

H 1 (M M {p 2 );Z) = Z/2Zov Z/4Z 

for r = 0, 1. 

Remark 2.5. for r = 0, 1, pick a simple closed curve c C S g ,r- If the intersection number c • B g is odd, then 
[T 2 ] £ i?i(r 9 (p2); Z) is a generator. Hence [T c 2 ] G Hi(Ai gi r(j>2), Z) is also a generator, and the lift of T 2 is a 
generator of H 1 (M( g ^)(p 2 ); Z). 

J/c is included in the subsurface S, we have [T c 2 ] =06 i?i(A^(g )T .)(p2); Z), 6y Proposition ^. 1\ 
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3 A surjective homomorphism M-( g ){p2) — ► Z/4Z 

For a root of unity £, we denote by < £ > the cyclic group generated by C- I n this section, we construct a 
surjective homomorphism 

e : M( g) (p 2 ) -><V T T> 

using the Schottky theta constant associated with the cover p 2 : S2 g _i — > S ff when <? > 2, to complete Theorem 
10.21 In the following, suppose genus g > 2. 



3.1 The Jacobi variety and the Prym variety 

Endow the surface E g with the structure of a Riemann surface R. Then the covering map p 2 : E 2g _i — > E g 
induces the structure of a Riemann surface i? in the surface X^g-i- In this subsection, we review the Jacobi 
variety of the Riemann surface R and the Prym variety of the double unbranched cover p 2 : R — > i?. 

Definition 3.1. j4 g- characteristic is a row vector m G Z 2ff . We denote m = (m'\m") where m' — 
(m' x ,m' 2 T--- I'm'), m" — (rn'^m 1 ^,--- , m 'g) G Z 9 . We call the g-chatacteristic m is even (resp. odd) if 
J2i=i m i m i * s even (resp. odd). 

We denote the Siegel upper half space of degree g by & g . For a ^-characteristic m = [m'\m") G 7? 9 and 
r G S g , z G C 9 , The theta function 8 m is defined by 

6 m (r, z) := exp(iTi{(p + m' '/2)r t (p + m'/2) + (p + m'/l)*^ + m"/2)}). 

We denote m (j, 0) simply by m (r). Let SI be the sheaf of holomorphic 1-forms on i?. Choose a symplectic 
basis {^4i, -B;}f =1 of H\(R; Z). It is known that under the homomorphism 

#i(i?;Z) -> H°(R;n)* := Kom(H°(R; SI), C), 
c H ((iin| c u) 

Hi(R: Z) maps onto a lattice in H°(R; SI)*. The Jacobi variety of i? is defined by 
A basis {wi}f =1 of H°(R; f2) that satisfies 

/ = 

is called the normalized basis with respect to the symplectic basis {Ai, Bi} 9 =1 . For the normalized basis 
{(jJi}f =1 , the gr-square matrix 

T = (Tij), Tij = Ui 
JBj 
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is known to be the elements of the Siegel upper half space & g , and is called the period matrix. For an even 
^-characteristic m — (m'\m") and the period matrix r, m (r) is called the Riemann theta constant with m 
associated with the compact Riemann surface R and {Ai, Bi}f =1 . 

Denote the generator of the deck transformation group of the cover R — > R by t : R — > R, the (— 1)- 
eigenspace of t* : Hi(R; Z) — > Hi(R; Z) by 

Z)" = {c G Z) | t,(c) = -c}, 

and the (-l)-eigcnspace of f* : H°(R; -» H°(R; 0) by 

H°(R; 0)- = {w G ^"(i?; 0) | = -w}. 

Under the homomorphism 

tfi(i?;Z) -» H°(R;fl)* := Hom(ff°(fl; fi), C), 

Z) _ maps onto a lattice in (H°(R; fi) - )*. 
Definition 3.2. TTie Prym variety Prym(i?,p2) of the cover p2 is defined by 

Fryra(R, P2 )= ^y* CJ(R). 
Hi{R; L) 

For a symplectic basis {^4i, -Bi}f =1 of i?i (i?; Z), we choose a basis of Hi (.R; Z) as follows. For i = 1, 2, ■ ■ ■ , 
1, denote the two lifts of by Ai and Ai+ g , and the two lifts of Bi by Bi and -Bi+ ff such that 

Ai-Bi = 1. 

The lifts of 2A ff and £? g are uniquely determined, and denote them by A g and _B g , respectively. Then, 
{Ai — A g+i ,Bi — B g+i }f~i form a basis of H\(R; Z)~ . Moreover since the basis {A, — A g+i ,Bi — B g+i }^ of 
Hi(R;Z)~ satisfies 

{Ai - A g+i ) ■ - A g+j ) = 0, {Bi - B g+i ) ■ (Bj - B g+j ) = 
(Ai - A g+i ) ■ (Bj - B g+j ) = 26ij. 

Therefore, the action of (p G M.( g )(p2) on the basis {Ai — A g+i ,Bi — B g+i }f^ induces the homomorphism 

l:M (g) ( P 2)^Sp(2g-2;Z). 

For the above symplectic basis {Ai, Bi}^ , choose the normalized basis {coijf^ 1 of H°(R;Q), then 
{(u>i — w s+ i)/2}?~ 1 1 is a basis of H°(R; ft)~ . It is known that the (g — l)-square matrix 

J Bj-B g+j 

is the element of the Siegel upper half space & g -i- We call f the period matrix of the Prym variety. 

Definition 3.3. For an even (g — 1)- characteristic rh = (fh!\rh") and the period matrix f of Prym(i?,p2), 
6m(f) is called the Schottky theta constant with m associated with the cover p 2 : R — > R and {Ai, Bi}^ 1 . 
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3.2 Definition of the homomorphism e : M. g {p2) ^< V~ 1 > 

In this subsection, we give the definition of the homomorphism e : M( g )(j>2) — T>. Let r be the period 
matrix of i?, and f the period matrix of the cover p2- Consider the function 

$"> (t t) = ® fn ^ 



(r)^(r) 



for even g-characteristics to, n and an even (g — l)-characteristic to. For a generic Ricmann surface and a 
double unbranched covering space, $™ n (T,r) is known to be a nonzero complex number (Fay[5]). For a 
g-square matrix M = (to^ ), denote the row vector obtained by taking the diagonal entries of M by Mq := 

(mn, "^22, • • • j m gg) € Z s . For <j = | J 6 Sp(2g; Z) and a ^-characteristic to, we define 



7 S 



a ■ to = m 



4 Q -V 

-*/3 , 



(( i /3a)o|( t <5 7 )o) G Z 2 *. 



Note that this is not an action of Sp(2g; Z) on Z 2g , and that this definition is different from that of Igusa[5j. For 
<p G Migjipz)-, denote P2(0) by <p € A4 9 (p2)- For an even (g — l)-characteristic to, choose the (/-characteristics 
to = (to',0|to", 1) and n = (to',0|to",0). Define the map d^,!?^) '■ ■M(g)(j > 2) C by 




dA,(f,r)(^) := ^ • 

In the next subsection, we will prove that d m — d m .(f, T ) is independent of the period matrices f and t, and 

that the image of d m equals < — 1 >. For a = I ] € Sp(2g; Z) and re 6„, we define the action of 

^7 5) 

a • r := (St + 7 )(/3r + a) -1 . 

£ Sp(2g; Z), it is known that the theta function has the transformation law (see Igusa[10j 

O a .m(cr ■ t) = 7 m (cr) det(/3r + ayh m (r), 

where J m (cr) e<exp(7r/4)> is called the theta multiplier. 

Now we can construct a homomorphism e m : Ai( 9 )(p2) ^< V — 1 > using dm and 7m . For $ 6 jVfr ff )(j>2) 
and an even (g — l)-characteristic to, define the map e m by 

e m (0) :=d m (0) vy 

Note that 7m( t (v 5 )) an d 7m('-( < /?))7n ('-(</?)) are uniquely determined. We will prove that e = e m is a homomor- 
phism independent of the choice of to, and that the image of e m equals < y/— 1 > in the next subsection. 
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3.3 Proof of the main theorem 

In this subsection, we will prove that e m : M( g )(p2) ~~ V~ 1 > is a surjective homomorphism. We also prove 
that cfm = dfa ,(t,t) does not depends on the choice of (f, r), and that the image of d m equals the cyclic group 
< —1 >. For tp £ M( g ){p2), we denote simply Z{tp) £ Sp(2g — 2; Z) and i(<^) = i(P{0)) £ r g (p 2 ) by ct and a, 
respectively. 

To prove that dm only depends on tp £ M.( g ){p2) and m £ Z s_1 , we need the following theorem. 
Theorem 3.4 (Farkas, Rauch[4]). 

For an even (g — I) -characteristic rh, define the g- characteristics m = (rh' , 0|m", 1) and n = (m', 0|m", 0). 
Then $™ n (f,r) does not depend on the choice of rh. 

Define tt : Z 2 f -> Z 2 f- 2 by 7r(m'|m") = (mi , m' 2 , ■ ■ ■ ,m' g _ 1 \ m'{,m%, ■ ■ ■ ,m£_ x ). 

Lemma 3.5. For an even g- characteristic rh and tp £ A4r g )(p2), 

a ■ rh = 7t(<t • m) mod 2, 

where m — (rh' , 0|m", 1). 

Proof. Denote the 1-eigenspace of Hi(R; Q) by H\(R; Q) + . Then 

{i, + i?i + B g+l } 9 ^ U {i 9 , 2B 9 } 

is a basis of Hi(R; Q) + . The restriction of p 2 

#i(i?;Q)+^#i(i?;Q) 

maps the basis {A, + A g+i , B, + B g+l }fl^ U {A g , 2B g } £ Hx(R; Q)+ to the basis {2A t , 2B,} 9 1=1 £ Hi(R; Q). 
Since for i = 1, • • • ,5 — 1 we have 

¥>*(2^i) = <yS*(p 2 )*(^ + = (P2)*^*(^4.j <^(2A S ) = (p2)*0*(A ff ), 

<p*(2Bi) = (p2)*tp*(Bi + B g+i ), and tp*(2B g ) = (p 2 )*<p*(2B g ). 

Hence, the induced homomorphism -M( 9 )(p2) — * Sp(2g; Z) by the action of tp £ M.t g ){p2) on the basis {Ai + 
A g+i , B t + Bg+^Zl U {Ag, 2B g } is equal to lP 2 : M (g) (p 2 ) -> r fl (p 2 ). Denote a £ Sp(2<? - 2; Z) by 




where a', (3', 7', <5' £ M(g — 1; Z). Since we have 

<^*(Aj + = - and <p*(Bi + B g+i ) = tp*(Bi - B g+i ) mod2, 
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and cr = tPa(^) preserves the homology class B g mod 2, a is written in the form 



(a' *wi [3 1 0\ 

10 

1 *v 2 s' o 

\v 3 k V4, lj 



mod 2, 



where v\ , i>2 , V3 , V4 £ Z 9 '^GZ. Then it is easy to see that 7r(cr • m) = a ■ rh mod2. 



□ 



Lemma 3.6. For ip £ ■A / t(g)(P2) ) the value d m (ip) = dm,(T,r)($) does noi depend on the choice of (t,t), and 
i/je image of dm equals the cyclic group < — 1 > . In particular, it does not depend on a complex structure of 
the cover p2 : R —* R. 

Proof. Note that, for any g-characteristic u = (u'\u"), v = (v'\v") £ Z we have 

9u+2v = {— 1)" " @ui 

by the definition of the theta function. Consider the g-characteristic vq = (0, • • • , 0, 1|0, • • • ,0,0) G Z 2s . Since 
tr preserves the homology class B g mod 2, we have 

a-(m-n) = {m-n)\_ t tg I = v I t t§ J =v ,and 
(cr • m )' g = {a ■ n)' g = {^a) gg = mod 2. 
By Lemma 13.51 there exists vi,V2 € Z 2s such that 

a ■ m + 2v\ = ((cr • m)', 0|(<7 • m)", fci), and a ■ n + 2i; 2 = ((cr • m)', 0|(cr • rh)" , k 2 ), 

where 

ki = or 1, &2 = or 1 , and fci + fc 2 = 1 . 
Then there exists p(fh, tp) G< — 1 > such that 

,a-n+2v 2 (f, t) = p(m, ^)**'™ i(T .„ (f, t). 

Note that p(m, <£) does not depend on the choice of (f , r). By Theorem I3.4[ we have 



(f,r) = < n (f,r). 



Hence we have 



p(rh,(f) = dfn((p). 



This proves the lemma. 



□ 
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Consider the action of ip £ M g {p2) on the symplectic basis {A it Bi}f =1 . The basis {<p*Ai, p*Bi\ 9 i=1 is also 
a symplectic basis of Hi(R; Z). The corresponding period matrix is 

where {oj'i}f =1 is the normalized basis. This is equal to t t(p) ■ t. Next, Consider the action of (p £ .M( s )(j> 2 ) on 
the basis {Ai, Bi} 2 ^ 1 of Hi(R; Z). Note that the basis {(p*Ai, p^Bi} 2 ^ 1 is again the lift of {tp^Ai, p*Bi}f =1 . 
The period matrix of Prym(i?,p 2 ) with respect to the basis {ip*(Ai — A g+i ), <p«(Bi — B g+i )} 2 ^ l 1 of Hi(R\ Z) 
is 



r' := (fi,-), 



V.(4'-B S +i) 2 



where {^A}^! 1 is the normalized basis. This is equal to t Z{<p) ■ f. Hence, * b(ip) ■ t is also the perod matrix of 
R, and t Z{<p) ■ f is also the period matrix of the cover p 2 . This shows that the pair (<r • f , a ■ r) satisfies the 
condition of Theorem 13.41 for any p> £ .M( g )(p 2 ). 

Theorem 3.7. The map e„ is a homomorphism, and the image of em{p) equals < y/—l>. Moreover e(p>) := 
e r ~ n ((p) does not depend on the choice of m. 

Proof. For p £ .M( g )(p 2 ), denote o\ := a = tP 2 (<^'), and ai := a = Z(p). Similarly, denote 02 := t-P 2 ((£>'), 
(72 := Z(ip'), an( i a 3 : = i P2(p i p'), 5"3 := Z(iptp'). Write Oi as 

for i = 1,2,3. 

We also denote simply f' := ct 2 ■ f, and r' := er 2 ■ t. Since the pairs (<7i<7 2 • t, o~\0~2 ■ r ), and (ct 2 ■ f, 02 " T ) 
satisfies the condition of Theorem 13.41 we have 




1 _ $ (al^!Z( CT1CT2 ).n(^^-T,aia2-r) _ ll{aid2) det(/3 3 r + a 3 )- 1 $ ? t«( f ' T ) 



dm{<pp') ^. n (p 1 a 2 -T,a 1 a 2 -T) ~1 m {?x<j<i)"1n{o-\o<z) det(/3 3 r + a 3 ) 1 $™ „(ctio- 2 • f , ctict 2 • r) ' 

1 = ^:^.n(^a^.^'r) = 7 |(gi) det^if' + Qi)- 1 $% >ra (g 2 ■ f , q 2 ■ t) 
dm(^) ^m.nC^i^ ■ f, o\o 2 ■ r) 7m( cr i)7n( cr i) det(/3ir' + ai) -1 $™ „(<7ict 2 • f, aia 2 • r) ' 
1 = ^:t,nfe'f,.2'T) = 7 ^(cr 2 ) det(/3 2 f + a 2 )- 1 $%, n (f,r) 

dm(P') *m,n(^2 ' T, <T 2 • t) Jm (<J 2 )jn {<J 2 ) det (&T + « 2 ) ~ 1 ^ lTi (^2 • f , OJj • t) ' 

by the definition of dm (</>)• It is easy to see that 

det(/} 2 f + c^) det(/3if' + ai) = det(/? 3 f + a 3 ), and 
det(/3 2 r + a 2 ) det(/?ir' + a x ) = det(/3 3 T + a 3 ). 

This shows that e m is a homomorphism. 

Next, we determine the image of e TO . There are two lifts in M.( g \(p2) of a 2 £ .M g (p 2 ). We denote the lift 
which fix the homology class A\ by a £ ■M(g)(p2)- As we stated in Remark |2.5[ H\(Ait g ){p2)\ Z) is generated 
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by a. For (p = a, we have a = t(a) = I 2 g-2 € Sp(2g — 2; Z), cr = iP2{a) = ^ gg 6 r 9 (p2)- From Theorem 3 in 
Igusa[9], for any to g Z 2 ^ -1 ', we have 

7m( cr )7n(c r ) = -\/ Z l, and 7^(5-) = 1, 

so that 



l m {o)ln{v) 

It is easy to see that dm{d) = 1. Hence &m(a) is a generator of the cyclic group < \J — 1 > and is independent 
of the choice of to. □ 

For r = 0, 1, we proved ffi(.M( g!j .)(p2); Z) = Z/2Z or Z/4Z in Section [2l From the above Theorem, we 
have 

Since A / I 9j i(p2) is isomorphic to -M( 9 ,i) (P2), we have H 1 {M g ^{p2)' 1 Z) = Z/4Z. Consider _Hi(.M s (p2); Z) when 
genus 3 is odd. For the deck transformation t, we obtain 

e(i) = 

from Theorem 3 in IgusaJS]. By the Lyndon-Hochschild-Serre spectral sequence, we have 

Z/2Z^H 1 (M ig) (p 2 y,Z)^H 1 (M g (p2);Z)^0 

This shows that Hi(Ai g (p 2 ); Z) = Z/4Z when g is odd. This completes the proof of Theorem 10.21 From the 
Theorem 10.21 we obtain many homomorphisms .M gi i[cf] — > Z/4Z for an even integer d. 

Proposition 3.8. For a positive even integer d, there exists an injection 

(Z/AZf 9 ^ Hom(Al g ,i[d];Z/4Z). 

When d = 2 and g is odd, we have 

(Z/4Z) 29 <-> Rom(M g [d]; Z/4Z). 

Proof. To prove the proposition, we will construct a homomorphism from A^ 9j i[d] into Mdg/2-i,i(Px ) f° r a 
certain double cover p' x . 

Let X be one of the homology classes A±, ■ ■ ■ ,A g ,B±,--- ,B g £ Hi(T, g ; Z). Consider the d cover qx ■ 
^dg-i — * S s such that the monodromy homomorphisms 7Ti(E ff ) — > Z/dZ is equal to the Poincare dual of 
X e H 1 (Y lg \ Z/dZ). Denote a generator of the deck transformation group by tx- Consider 

£ s ,i = E 5 - D 2 C E fl , and Y, dg -i, d = Y, dg - X - q x \D 2 ). 
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We denote the restriction of the cover qx\T, g ± ■ ^dg-i,d ~> by px- Choose two connected components D\ 
and D-2 of q x 1 (D 2 ) such that t d Jr 2 D\ = D2. Consider £^-1,2 = ^dg-i — n| =1 Z?i. Then we have the double 
cover 

PX '■ — ► ^dg-ial <i X 2> ~ Sdg/2-1,1- 

We have the projection P x : M( 9l i)(px) -> -Mg,i(px) and P x : M(d ff /2-i,i)(Px) ~* A4 dg /2-i,i(p x ). Since 
the centralizer of <tx > is included in the centralizer of <t^ 2 >, we have the homomorphism 

Qx ■ M( 9 ,1)(PX) -> M (dg/ 2-1, l){Px)- 

[/] -> [fUid u «- ?D2 ] 

Note that we have the inclusion map ix '■ ■Mg,i[d] — > A4g.i(f>x)- Hence we have the homomorphism 

P'xQxPxix ■ M gil [d] -> M dg/2 - hl (p' x ). 

Consider the induced homomorphism (P x QxP x ix)* '■ H\(M g ,i[d]\7i) — > 7?i((A4d s /2-i,i(Px)> For * n e 
simple closed curves Y = Ax, ■ ■ ■ , A g , Bi, ■ ■ ■ ,B g , denote the Dehn twists along Y by TV. Then we have 

[l, ifY = X, 
{P' x QxPx 1 ixUT«)=\ 

I 0, otherwise, 

by Remark 12.51 Hence the induced map 

(Z/4Z) 2s -> Hom(M 9 ,i[d];Z/4Z) 

is injective. 

Next, consider the case of d = 2 and g is odd. Then Hi(M. g (px)', Z) is isomorphic to Z/4Z. The inclusion 
A4 9 [2] — > A^ 9 (px) induces a homomorphism Hi(M g [2];Z) — > Jfi(.M 9 (px); Z) = Z/4Z. Similarly, we have 
the injective homomorphism (Z/4Z) 29 — > Hom(A / t g [2]; Z/4Z). This completes the proof. □ 
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